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Let Fq be the ﬁnite ﬁeld with q elements, q ¼ pn; p 2 N a prime, and Mat2:2ðFqÞ the
vector space of 2 2-matrices over F. The group GLð2; FÞ acts on Mat2;2ðFqÞ by
conjugation. In this note, we determine the invariants of this action. In contrast to
the case of an inﬁnite ﬁeld, where the trace and determinant generate the ring of
invariants, several new invariants appear in the case of ﬁnite ﬁelds. # 2002 Elsevier
Science (USA)This manuscript was motivated by review [12] of paper [1], which piqued
my interest once again in what is after all one of the oldest and most basic
problems in invariant theory: namely, determine all the polynomials in the
entries of a generic n n-matrix that are constant on similarity classes. In
the language of modern invariant theory1 this may be expressed as follows:
let F be a ﬁeld and Matn;nðFÞ the vector space of n n-matrices over F. The
general linear group GLðn; FÞ acts on Matn;nðFÞ by conjugation, and hence
also on the polynomial algebra F½Matn;nðFÞ on the dual vector space
Matn;nðFÞ* . What is being asked for is a description of the ring of invariants
F½Matn;nðFÞGLðn;FÞ.
As is well known, if the ground ﬁeld is an algebraically closed ﬁeld, such
as the complex numbers, the only such functions are symmetric poly-
nomials of the eigenvalues of the matrix entries (see e.g., [10, Chap. 19] or1We refer to [9] for basic material on invariant theory.
504
1071-5797/02 $35.00
# 2002 Elsevier Science (USA)
All rights reserved.
INVARIANTS OF 2 2-MATRICES 505[9, Section 2.5]). In other words
F½Matn;nðFÞGLðn;FÞ ¼ F½E1; . . . ;En;
where Ei evaluated at a matrix T is the ith elementary symmetric polynomial
of the eigenvalues of T, or put another way, E1; . . . ;En are just the
coefﬁcients of the characteristic polynomial of a generic n n-matrix. In
fact, this holds under the weaker assumption that F is inﬁnite, see [1,
Theorem 1.5].
If the ground ﬁeld F is ﬁnite, then so is the group GLðn; FÞ, so if n > 1 this
can no longer be correct, as consideration of the following facts easily
shows:
1. the Krull dimension of F½Matn;nðFÞ is n2 ¼ dimFðMatn;nðFÞÞ,
2. the Krull dimension of F½E1; . . . ;En is n,
3. F½Matn;nðFÞGLðn;FÞ 	 F½Matn;nðFÞ is a ﬁnite extension, so both rings
must have the same Krull dimension.
The ﬁrst case to consider is n ¼ 2.
Review [12] did not mention the actual results. Consulting the original
paper [1] yielded a surprising fact: the invariants had a simple form, viz.,
Cohen–Macaulay, in fact, a hypersurface. This begged for an a priori
explanation.
After a number of false starts, the key to clarify these facts emerged (see
Section 1) but did not yield the actual polynomials. An examination of the
detailed computations in [1] also showed that we were computing ever so
slightly different things: Anghel chose SLð2;FqÞ and I had chosen GLð2; FqÞ.
This explained a degree discrepency between the two results. In any case,
this note describes how to do the SLð2;FqÞ case also, at least for q odd.
1. THE ODD RESULTS
This section contains a description of the results for q a power of an odd
prime and how they came about. The proofs are given in Section 2.
Let Fq be the Galois ﬁeld with q elements. Denote by Mat2;2ðFqÞ the vector
space of 2 2-matrices over the ﬁeld Fq. The generic 2 2-matrix will be
denoted as in [1] by
X1 X3
X4 X2
" #
:
The group GLð2;FqÞ acts on Mat2;2ðFqÞ by conjugation. This representation
is not faithful, but induces a faithful representation of PGLð2;FqÞ on
Mat2;2ðFqÞ.
LARRY SMITH506There is a split exact sequence of PGLð2;FqÞ representations
0!Mat02;2ðFqÞ !Mat2;2ðFqÞ!
2
s
tr
Fq ! 0;
where tr is the trace homomorphism and Mat02;2ðFqÞ the vector space of trace
zero matrices. A splitting s can be given by sending 1 2 Fq to the matrix
1
2
I 2Mat2;2ðFqÞ, where I 2Mat2;2ðFqÞ is the identity matrix. Restricting to the
invariant subspace Mat02;2ðFqÞ yields a faithful representation of PGLð2; FqÞ of degree
3. This is proved in Lemma 2.1, and it means we really need to compute
F½Mat02;2ðFqÞ
PGLð2;FqÞ. We at least know that this ring of invariants must be Cohen–
Macaulay by Smith [8].
At this point, a case of serendipity strikes! Note2 that
1. the action of PGLð2;FqÞ on Mat02;2ðFqÞ preserves the quadratic form
det,
2. the group PGLð2;FqÞ has order qðq2  1Þ,
3. there is a unique, up to equivalence, nondegenerate quadratic form
on a three-dimensional vector space over Fq, [4, Section 169], and
4. the orthogonal group Oð3;FqÞ has order 2qðq2  1Þ [6].
Given this, you have to believe that the group PGLð2; FqÞ acting on
Mat02;2ðFqÞ is nothing but SOð3;FqÞ in its deﬁning representation. This
follows from the uniqueness of the nondegenerate quadratic form, and some
elementary matrix computations and it is proved in Proposition 2.2.
But this is not all! The invariants of Oð3;FqÞ are known: they were
originally computed by Cohen in [3], and an alternate computation appears
in [11]. The invariants are decidedly nice: they are a polynomial algebra.
This makes the invariants of the subgroup PGLð2;FqÞ of index 2 in Oð3;FqÞ
a hypersurface. This could be proved by using Proposition 2.3, but, a closer
scrutiny of the forms used in [11] shows3 more.
Theorem 1.1. Let Fq be the Galois field with q ¼ pn elements where p is
an odd prime, and Mat2;2ðFqÞ the vector space of 2 2-matrices over Fq. Let
GLð2;FqÞ act by conjugation on Mat2;2ðFqÞ. Then,
Fq½Mat2;2ðFqÞGLð2;FqÞ ¼ Fq½tr;det; P 1ðdetÞ; edet;
where tr and det are the trace and determinant, respectively, P 1 denotes the
first Steenrod operation over Fq, and edet is the product of the linear forms
describing the configuration of exterior lines to the oval defined by the vanishing of the
determinant.2Believe me, I did not note all this at once.
3For a discussion of ovals and Segre’s Theorem about them see [5, Chap. 8], in particular
Lemma 7.2.3, and Theorem 8.13.
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the global structural results of [1]: all we are missing is the actual polynomial
referred to as o there.
2. THE ODD PROOFS
Let w : GLð2;FqÞ ! GLð4; FqÞ be the representation induced by the action
of GLð2;FqÞ on Mat2;2ðFqÞ by conjugation. The center of GLð2;FqÞ consists
of the diagonal matrices, and they act on Mat2;2ðFqÞ trivially, so w factors
over PGLð2; FqÞ to deﬁne a representation
4 w : PGLð2;FqÞ+GLð4; FqÞ,
which is faithful. The subspace Mat02;2ðFqÞ remains invariant under the
conjugation action of GLð2;FqÞ. Let w0 : PGLð2;FqÞ ! GLð3; FqÞ be the
representation obtained by restricting w to Mat02;2ðFqÞ Mat2;2ðFqÞ.
Lemma 2.1. Let q be a power of an odd prime and Fq the Galois field with
q elements. Then the representation of PGLð2;FqÞ on Mat02;2ðFqÞ defined by
conjugation is faithful.
Proof. Let g 2 GLð2; FqÞ and suppose that g acts trivially on Mat02;2ðFqÞ
via conjugation. If A 2Mat2;2ðFqÞ write
5
A ¼ ðA 1
2
trðAÞ  IÞ þ 1
2
trðAÞ  I:
Then A 1
2
trðAÞ  I lies in Mat02;2ðFqÞ, so we have
gAg1 ¼ gðA 1
2
trðAÞ  IÞg1 þ g  1
2
trðAÞ  Ig1
¼ ðA 1
2
trðAÞ  IÞ þ 1
2
trðAÞ  I ¼ A;
so g acts trivially on Mat2;2ðFqÞ by conjugation also. Hence g belongs to the
center of GLð2;FqÞ, as was to be shown. &
Proposition 2.2. Let q be a power of an odd prime and Fq the Galois field
with q elements. Then the faithful representation of PGLð2;FqÞ on Mat02;2ðFqÞ
defined by conjugation preserves the quadratic form det on Mat02;2ðFqÞ and
embeds PGLð2;FqÞ in Oð3;FqÞ as the rotation subgroup SOð3;FqÞ.
Proof. The action of PGLð2;FqÞ on Mat02;2ðFqÞ preserves the nonde-
generate quadratic form det : Mat02;2ðFqÞ ! Fq so, Imðw0Þ 	 Oð3;FqÞ. If A 2
GLð2; FqÞ then there is a matrix TA 2 SLð2;FqÞ, which is a product of transvections,
such that (see e.g. [7, Lemma 8.7])
A ¼
1 0
0 detðAÞ
" #
 TA:4This double use of w should cause no confusion.
5Remember the trace of the scalar matrix m  I is k  m, where k is the size of I.
LARRY SMITH508A bit of matrix multiplication shows that, for m 2 F,
w
1 0
0 m
" # !
¼
1 0 0 0
0 1 0 0
0 0 m1 0
0 0 0 m
2
6664
3
7775 2 SLð4; FqÞ
with respect to the basis of Mat2;2ðFqÞ deﬁned by a generic matrix, so
det w
1 0
0 detðTAÞ
" # ! !
¼ 1:
Here det means det : GLð4;FqÞ ! F

q . Transvections have order p, and in
characteristic p nonsingular matrices of order p must have determinant 1,
so detðwðTAÞÞ ¼ 1 also. This yields
detðwðAÞÞ ¼ det w
1 0
0 detðTAÞ
" #
 TA
 ! !
¼ det w
1 0
0 detðTAÞ
" # ! !
 detðwðTAÞÞ ¼ 1  1 ¼ 1;
so w0ðAÞ 2 SLð4;FqÞ \Oð3;FqÞ ¼ SOð3;FqÞ. &
Proposition 2.3. Let r :G+GLðn; FÞ be a representation of a finite
group G over the field F and h1; . . . ; hn 2 F½V G a system of parameters. If
F½V G is Cohen–Macaulay and
Yn
i¼1
degðhiÞ ¼ 2  jGj;
then
F½V G ¼ F½h1; . . . ; hn  F½h1; . . . ; hn  h;
where h is an element of minimal degree in F½V G but not in F½h1; . . . ; hn.
Proof. Since F½V G is Cohen–Macaulay, its Poincar!e series is of the
form
P ðF½V G; tÞ ¼
1þ a1t þ    þ aktk
ð1 tdegðh1ÞÞ    ð1 tdegðhnÞÞ
;
where a1; . . . ; ak 2 N0 and ak=0. Multiply this expression by ð1 tÞ
n,
evaluate the result at t ¼ 1, and use the Degree Theorem [9, Theorem 5.5.3]:
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1
jGj
¼ ð1 tÞnP ðF½V G; tÞjt¼1
¼
1þ a1t þ    þ aktk
ð1þ t þ    þ tdegðh1Þ1Þ    ð1þ t þ    þ tdegðhnÞ1Þ

t¼1
¼
1þ a1; . . . ; ak
2jGj
:
Therefore, a1 ¼    ¼ ak1 ¼ 0 and ak ¼ 1, and the result follows. &
Theorem 2.4. Let q be a power of an odd prime and Fq the Galois field
with q elements. Then,
F½Mat02;2ðFqÞ
PGLðn;FqÞ ¼ Fq½det; P 1ðdetÞ; edet;
where edet is the pre-Euler class of the set of linear forms describing the
conﬁguration of exterior lines to the oval X ¼ fX 2 PðMat02;2ðFqÞÞ j detðXÞ ¼
0g in the projective space PðMat02;2ðFqÞÞ.
Proof. We have by Proposition 2.2 that w0ðPGLð2;FqÞÞ ¼ SOð3;FqÞ5
Oð3;FqÞ. By the result of Cohen [3] in the formulation of [11], we know
Fq½Mat02;2ðFqÞ
Oð3;FqÞ ¼ Fq½det; P 1ðdetÞ;Edet;
where Edet is the square of the pre-Euler class edet describing the
conﬁguration of exterior lines to the oval X. The form edet is an Oð3;FqÞ
det-relative invariant so lies in Fq½Mat02;2ðFqÞ
SOð3;FqÞ. These three forms det,
P 1ðdetÞ; edet 2 F½Mat02;2ðFqÞ
SOð3;FqÞ are a system of parameters, and more-
over,
degðdetÞ  degðP 1ðdetÞÞ  degðedetÞ ¼ 2  ðqþ 1Þ 
q
2
 !
¼ 2  ðqþ 1Þ 
qðq 1Þ
2
¼ qðq2  1Þ ¼ jPGLð2;FqÞj ¼ jSOð3;FqÞj
and therefore by Smith [9, Theorem 5.5.5], we have
Fq½Mat02;2ðFqÞ
SOð3;FqÞ ¼ Fq½det; P 1ðdetÞ;edet ¼ Fq½Mat02;2ðFqÞ
PGLð2;FqÞ
as was to be shown. &
Proof of Theorem 1.1. Since Mat02;2ðFqÞ ¼Mat
0
2;2ðFqÞ  Fq, where
the one-dimensional summand is spanned by the scalar matrices identiﬁed
LARRY SMITH510with Fq via the trace, we have an isomorphism F½Mat2;2ðFqÞPGLð2;FqÞ ﬃ
F½Mat02;2ðFqÞ
PGLð2;FqÞ  F½tr as claimed. &
Finally, the structural part of N. Angehl’s result for F½Mat2;2ðFqÞPSLð2;FqÞ
follows. One uses [8] to deduce that F½Mat02;2ðFqÞ
PSLð2;FqÞ is Cohen–Macaulay
and then applies Proposition 2.3 to Theorem 1.1, to obtain
F½Mat02;2ðFqÞ
PGLð2;FqÞ ¼ F½Mat02;2ðFqÞ
PGLð2;FqÞ  F½Mat02;2ðFqÞ
PGLð2;FqÞ  o:
The polynomial o found in [1] has degree ðqþ1
2
Þ. A glance at Table VIII.2
in [5] shows that an oval in F3q has ð
qþ1
2
Þ bisecants in PF3q which in turn comes
from a conﬁguration of ðqþ1
2
Þ lines in the dual space V * to V ¼ F3q. Is the pre-
Euler class of this conﬁguration of lines the required form o? In any case, by
tensoring on the polynomial algebra F½tr, we then have the analogous result
for F½Mat2;2ðFqÞPSLð2;FqÞ.
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